
hf. J. Heat Maw Trraqf-er. Vol. 32, No. 8, pp. 1413-1423. 1989 

printed in Great Britain 
co17-9310/89 $3.00+0.00 

0 1989 Pergamon Press plc 

Particle rotation as a heat transfer mechanism 
DAVID G. WANG, SATWINDER SINGH SADHAL and 

CHARLES S. CAMPBELL 

Department of Mechanical Engineering, University of Southern California, 
Los Angeles, CA 90089-1453, U.S.A. 

(Received 21 March 1988 and injinalform 15 November 1988) 

Abstract-A particle rotating in a temperature gradient will absorb heat from the hot side of the gradient 
and reject it on the cold side. This paper examines the case of a rotating solid sphere in a stationary medium 
on which is imposed a uniform temperature gradient. The results show that particle rotation improves the 
internal energy transport in much the same way as increasing the particle’s thermal conductivity. At 
moderate values of the rotational Peclet number, the rotation induces anisotropies in the apparent thermal 

conductivity of the material which disappear at Pe = 0 and as Pe + co. 

1. INTRODUCTION 

THIS WORK began as an outgrowth of an experimental 
project (Campbell and Wang [l]) that measured the 
effective conductivity of a sheared mixture of spherical 
particles in air. The results showed that, for fixed 
solid concentration, the effective conductivity of the 
mixture increases in direct proportion to the shear 
rate. The configuration of Campbell and Wang’s 
apparatus was such that the temperature gradient and 
thus the direction of heat flow were in the same direc- 
tion as the shear rate and perpendicular to the bulk 
velocity of the mixture. Thus the mean simple shear 
motion cannot affect the heat flow and cannot directly 
enhance the effective conductivity. Instead, the 
enhanced conductivity must result from cross-stream- 
line energy transport accomplished by internal mech- 
anisms that can only be indirectly related to the shear 
rate. Two such mechanisms were identified in that 
paper. The first, and the more important, can be attri- 
buted to the random motions of the individual par- 
ticles which produce a turbulence-like improvement 
in the internal heat transport ; these random velocities 
are induced as a byproduct of interparticle collisions, 
which are in turn induced by the shear rate. At the 
same time the shear induces particle rotation. 
(Reference [2] has shown that in a dry granular flow, 
as in nearly any shear flow, the induced rotational 
velocity is of the order of one-half the shear rate.) For 
a particle rotating in a temperature gradient, heat will 
be conducted into the particle on the hot side of the 
gradient and ejected on the cold side. Thus the ro- 
tating particle will transport heat at a rate proportional 
to the rotational velocity (which is, in turn, pro- 
portional to the shear rate) across a distance of the 
order of a particle diameter. Such a mechanism could 
be a most important contributor in very high density 
flows, where the free motion of particles is much less 
than a particle diameter. This paper will examine the 

contribution of particle rotation to the effective con- 
ductivity of the composite material. 

The bulk thermal conductivity of multiphase com- 
posite materials has become a classic concern. The 
pioneering work is due to Maxwell [3] who, in the late 
18OOs, computed the effective thermal conductivity of 
a dilute suspension of spheres embedded in a material 
with a different conductivity. (Maxwell actually cal- 
culated the effective electrical conductivity, but, owing 
to the similarity of the equations, answered both the 
electrical and thermal problems simultaneously.) The 
effect of shear-flow-induced cross-streamline trans- 
port has been examined for dilute suspensions in the 
limit of low particle Reynolds numbers by Lea1 [4] for 
low Peclet numbers and by Nir and Acrivos [5] in the 
limit of high Peclet numbers. Both are asymptotic 
perturbation analyses and yield only first-order solu- 
tions. Lea1 showed that for small Peclet numbers, the 
effective conductivity grew as Pe)“. (This has been 
more or less confirmed experimentally by Chung and 
Lea1 [6].) Nir and Acrivos showed that at high Peclet 
numbers, the effective conductivity grows as Pe:‘“. 
(Here Per is the fluid shear Peclet number and is equal 
to R2y/ar, where R is the particle radius, y the shear 
rate and trr the thermal diffusivity for the suspending 
fluid.) 

However, these results are not applicable to the 
prob;_.n examined in ref. [l]. At low Reynolds number 
near the dilute limit, the particle rotation forces the 
neighboring fluid to rotate within a closed streamline 
pattern about the particle. This rotating section of 
fluid transports heat in much the same way as a ro- 
tating particle, and, if the heat capacity of the fluid is 
not negligible, much of the heat transport will take 
place within the fluid. In fact, at the high Peclet num- 
ber limit, the depth of thermal penetration will not 
even extend to the particle but will be confined to a 
boundary layer along the outer edge of this closed 
streamline pattern; thus Nir and Acrivos only con- 
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LI Far field temperature gradient 

A ,r A2r A, constants defined by equations 
(28), (30) and (32) 

A 1,111 complex constants defined by equation 

(19) 

4 surface area of a particle 

=A, combined surfaces of total particles 
B, B real and imaginary part of B, , 
B,. B2, B, constants defined by equations 

(29), (31) and (33) 
B 1,111 complex constants defined by equation 

(19) 
C, c real and imaginary part of C, , 
c ,11,1 complex constants defined by equation 

(18) 
C,, specific heat of the particle at 

constant pressure 
E(r’). F(7) real and imaginary part of 

j,(iJ(Im Pr)l:) 

j,,(i,/(Im Pe)?) spherical Bessel functions 

k thermal conductivity 

K, bulk thermal conductivity, second-rank 

tensor 

11, unit outer normal in the i-direction 
Pe particle Peclet number, 0R’/cc, 

per fluid Peclet number, ijR’/a, 

~(COS 0) Legendre’s associated 
polynomials 

L/r local conductive heat Bux in the 
i-direction 

Qf bulk conductive heat flux in the 
i-direction 

NOMENCLATURE 

I 

r: 
R 
T 
F 
T’ 

u: 

V 
I’ 
z”v, 
.I’, 1’. - 

radial coordinate 

dimensionless radial coordinate 
particle radius 
dimensional temperature 
dimensionless temperature 
temperature deviation from the bulk 
temperature 

velocity deviation in the i-direction from 
the mean velocity 
averaging volume 

volume of a particle 
combined volumes of total particles 

coordinates, see Fig. 1. 

Greek symbols 

; 

thermal diffusivity 
dimensionless parameter. Vi(Pe/2) 

I. i ff uid shear rate 

9 dimensionless parameter, 

(M442/ Pe) 
0. 4 coordinates, see Fig. I 
I’ volume fraction of particle, C V,/ V 

P particle density 
n particle rotation rate. 

Subscripts 
1 fluid property 
tn. TV indices 

P particle property. 

sidered this thin boundary layer in their analysis, and 
the particle appears only indirectly as the instigator 
of the closed streamline pattern. 

Campbell and Wang’s [l] experiments were per- 
fo);med at moderate Re and Pe, and could not be 
continued down into the low Re regime. as they 
depended on a high shear rate to keep their material 
in a fluidized state. Furthermore, their system was far 
from dilute, and, even ignoring more important effects 
of close particle interaction, the presence of ncigh- 
boring particles may disrupt any closed streamline 
pattern of fluid motion and eliminate that mechanism 
as an important contributor to the heat transport. 
In fact, the fluid motion between the particles is so 
complex that it defies analysis, is probably due, 
in most part. to squeezing between colliding par- 
ticles and is not induced by the particle rotation. 
Furthermore. if the heat capacity of the fluid is neg- 
ligible (as it would be for solid particles in air). the 
fluid would not be a major contributor to the heat 
transport. Still, it is interesting to try and understand 
the heat transport role that particle rotation plays in 
such a complex environment. To this end, this analysis 

will examine the heat transport due to particle 
rotation inside a stationary medium in an attempt to 
decouple the rotational effects from all other heat 
transport mechanisms. The proposed problem is sim- 
pler than any of its predecessors and admits a com- 
plete solution for the entire range of Peclet numbers. 

2. TEMPERATURE DISTRIBUTION 

Consider a single rotating particle embedded in an 
infinite medium on which a uniform temperature 
gradient is imposed far from the particle. The particle 
is assumed to be rotating around the z-axis with 
angular velocity !A. as shown in Fig. 1, while the 
medium surrounding the particle is stationary. In 
spherical coordinates, the flow field can be expressed 
as 

v, = 
i 

&sin0 r<J? 

0 r>R 
(1) 

where R is the particle radius. 
The coordinate system is chosen so that the tem- 
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FIG. 1. Coordinate system for the rotating particle calculation. 

perature gradient far from the particle is in the y- 
direction and approaches a uniform value of a, i.e. 

lim ar = a. 
r+co ay (2) 

In these circumstances, the appropriate dimensional 
equations governing the temperature distributions 
inside and outside the particle are 

V2Tf=0 (4) 

where tip is the particle thermal diffusivity and Tp and 
Trare the temperatures of the particle and the external 
fluid, respectively. Note that the same equations 
govern the heat transport in the limit that the heat 
capacity of the surrounding fluid is negligible com- 
pared to that of the particle so that little energy can 
be transported by fluid convection. (This is exactly 
the case in the experiments of ref. [l], for which the 
particles had several thousand times the heat capacity 
of the surrounding air.) 

Equations (3) and (4) are to be solved subject to 
the conditions of continuity of temperature and con- 
tinuity of heat flux on the particle surface, and 
matching the uniform temperature gradient far away 
from the particle 

Tp = Tf atr=R (5) 

,&_kaTf p dr f ar atr=R (6) 

Tf -+ ar(sin B sin 4) at r + co (7) 

where kp and kf are the conductivities of the particle 
and the external fluid, respectively. Owing to the sym- 
metries of the problem about the particle center 

Tp=O atr=O. (8) 

By introducing two dimensionless quantities 

f=’ 
R 

equations (3) and (4) become 

(10) 

aTp 
Vi;,(F,e,~) = Peq (11) 

v2i;,(F,e,qs) = 0 (12) 

where Pe is the particle Peclet number defined as 

pe = !E 
&P 

(13) 

and the boundary conditions (Z+(8) become 

Fp = Ff atF= 1 (14) 

kf aFf aTp 
af -k, a? 

atF= 1 (15) 

Tf+FsinBsin& at?+03 (16) 

Tp = 0 at/= 0. (17) 

In the limit Pe + co, equation (11) implies that 
aTJ&$ -+ 0, or that, in this limit, the temperature 
about the circumference of the particle must be 
uniform. It is reasonable to assume that the particle 
surface will adopt the average temperature to which 
it is exposed-which, by the symmetry of the problem, 
is zero. This observation, coupled with the additional 
symmetry condition, equation (17), that the tem- 
perature at the center of the particle must be zero, 
leads to the conclusion that in the limit of high Peclet 
numbers, the particle temperature approaches a uni- 
form temperature which must be zero. (At large but 
finite Peclet numbers, any temperature changes within 
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the particle will be confined to a thermal boundary 
layer about the outer edge of the particle, but even 
this thin boundary layer will disappear as PV --f x .) 

From a purely physical standpoint, this can be under- 
stood, as, when Pe = z. any non-zero temperature 
inside the particle will lead to an infinite convective 
heat transport rate. which would then require that an 
infinite quantity of heat be conducted to and from 
the particle through the surrounding medium : such a 
burden cannot be borne by a finite conductivity 

material on which is imposed a linite temperature 
gradient. Curiously. this is exactly the same condition 
that is reached for a stationary particle in the limit 
k,/X-, --t 0: in that case. any temperature gradient 
inside the particle will again lead to infinite heat trans- 
port rates which cannot be supported by conduction 

through the surrounding material, requiring once 
again that the particle temperature becomes uniform 
(and, by symmetry. equal to zero). Thus. large PC is 
equivalent to large apparent particle thermal con- 
ductivity, and as Pt, --t x _ the situation must approach 
Maxwell’s solution for a dispersion of stationary 
spheres with infinite conductivity. This places an upper 
limit on the heat transport that can be obtained by 
particle rotation. and one would expect very littlc 
effect if the conductivity ratio li,-lh, is already very 

small. It is important to note that, despite the fact that 
this problem is being set up in the dilute limit, equation 
(11) and all of the conclusions that have just been 
drawn from it are valid regardless of the particle con- 

centration Thus particle rotation should contribute 
only slightly to the heat transport in the particle-air 
mixture (k,-/k, z 0.01) tested in ref. 111, 

Equation (12), governing the heat conduction 
through the fluid. is readily solved for these boundary 
conditions by separation of variables. At the same 
time, a quick examination shows that the convcctivc 

term in the particle temperature equation, equation 
(1 I). complicates the classical separation procedure. 
However. as the solution must be periodic in d)> it 
seems reasonable to choose the corresponding eigen- 

function of the form c’~‘@. With this done, the problem 
is easily separated in the other two coordinates to 
yield 

I 
Fp (7, H,4) = C i [C,,,j,8 (ij(im Pe)r’) 

n-n m-u 

x ~(COS 0) e+]. (18) 

Here the C,,,, are complex coefficients. the j,, are 
spherical Bessel functions and the Pi:’ are associated 
Legendre polynomials. This result was verified 
by substituting into the original equation (11). 

The general solution of the dimensionless heat con- 
duction equation (12) for the external medium can 
be solved by a quite straightforward procedure of 
separation of variables. Noting that the eigenfunction 
in 4 should be of the same form as Fr, in order to 
match the boundary conditions, the genera1 solution 

for Fr takes the form 

n - 0 VI = ,I 

x Pr(cos 0) elm4 (19) 

where A,,?, and II,, are complex constants. 
Applying the boundary conditions (14)-( 17) and 

taking the imaginary part yields 

TP = (E(f)[Csin 4+i;cos d]+F(?)[Ccos d, 

- C sin 4)) sin U (20) 

where C,, = C-tic, B,, = B+iB. A,, = I 

A,,,, = B,,,,, = C,,,,, = 0 for all other 111 and II. 
Here 

and 

-I 
E(f) = -7 cos (fir? sinh (,!I?) 

Per- 

+ -l-- [cos (fir) cash (flfi 
FJ(2Pe) 

-sin (fir? sinh (/%)I (22) 

-1 
F(r) = ~__ sin (83 cash (,&) 

Pe r= 

+ p--!! [cos ( j?r) cash (/?r-) 
fJ(2Pe) 

+ sin (flq sinh (/I?)] (23) 

(24) 

where 

A, = E(1) 

B, = F(1) 

,41 = ;(:pe)[?A, -2B, +sin (/I)cosh (fi) 

+ cos (/Q sinh (/1)] 

Bz = m; ‘mm~~ [2A, +23, + sin (/I’) cash (/I) 
,/(2Pe) 

-cos (B) sinh (/Q] 

,4, = Az+Bz-2qA, 

B, = A,-Bz+2v/B, 

Pe /I=J(---) 2 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 
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(a) PC?= 0 (b) Pe= 10 (c) Pe= 50 

(d) Pe- 100 (c) Pe= 500 (f) Pe= 1000 

FIG. 2. The isothermal lines upon an equatorial cut through the particle for kf/k, = 1.0. 

In the above, the first-order spherical Bessel function 
has been replaced according to the definition 

ir (r) = 
sin (2) - z cos (z) 

22 . (36) 

3. ISOTHERMS 

A great deal of physical insight can be gained by 
examining how the particle rotation distorts the iso- 
therms in and about the particle. Figures 2-4 show 
the isothermal lines on an equatorial cut on the x-y 
plane through the center of the particle ; each is drawn 
so that the particles are rotating in the counter- 
clockwise direction about an axis pointing out of the 
page. The figures illustrate three cases, kf/ k, = l,O.O 1, 
and 10, as Pe is increased from 0 to 1000. Each line 
was found by choosing a temperature and then 
numerically determining the appropriate path of the 
isotherm corresponding to that temperature. Most of 

the plots start with isotherms initially spaced fR apart 
at the far left-hand side of each frame, although, in a 
few cases, extra isotherms were added very near the 
centerline (F= 0) to help fill out the pattern within 
the particle. 

At Pe = 0, the k,/k, = 1 (Fig. 2(a)) isotherms are 
horizontal lines, while for k,/k, = 0.01 (conducting 
particle, Fig. 3(a)), the isotherms spread away from 
the particle, and for kf/k, = 10 (insulating particle, 
Fig. 4(a)), the isotherms converge inside the particle. 
Increasing the Peclet number slightly causes the iso- 
therms external to the particle to rotate counter- 
clockwise. As the particle itself is rotating counter- 
clockwise, the isotherms are reacting to their memory 
of where the particle has been and not to where it is 
going. Note that at Pe = 0 the isotherm pattern exter- 
nal to the particle is symmetric about a vertical line 
through the center, becomes skewed for low Pe, and 
at high Pe again adopts a symmetric pattern. The 

(a) Pe= 0 (b) Pe= 10 (c) PI?= 50 

(f) Pe= 1000 

FIG. 3. The isothermal lines upon an equatorial cut through the particle for k,/k, = 0.01. 
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J 
(a) Pe= 0 (b) Pe= 10 

(e) Pe= 500 

(c) Pe= 50 

FIG. 4. The isothermal lines upon an equatorial cut through the particle for k,/k, = 10.0 

skewing of the isotherm pattern reflects temperature 
gradients-and hence heat flow-in the x-direction, 
despite the fact that the imposed temperature gradient 
is in the y-direction. This indicates that the rotation 
induces anisotropies in the apparent conductivity of 
the material at moderate Peclet numbers which will 
disappear at Pe = 0 and as Pe + m. 

Viewing the problem from inside the particle within 
a reference frame that rotates with the particle, an 
observer would witness alternately hot and cold tem- 
peratures traveling radially inward. This reflects the 
facts that the particle surface alternately experiences 
the hot and cold portions of the temperature gradient 
and that surface temperature variation appears as 
waves, traveling inward, with the period of the particle 
rotation, 1 /sZ, and an amplitude that decreases as the 
center is approached. The wave travels with a speed 
that is related to the thermal diffusivity, Q, and is 
therefore independent of the rate of rotation ; hence, 
on purely physical grounds, one expects that the wave- 
length should vary with a,/R and hence with the 
inverse Peclet number. (This suspicion is borne out 
by a quick examination of equation (18)) Thus one 
effect of changing the rotation rate is to change the 
wavelength of the incoming waves. At low Peclet num- 
ber, the isotherms inside the particle undulate almost 
sinusoidally, as the wavelength is longer than the par- 
ticle radius. At higher Peclet number, most of the 
originally internal isotherms have spread outward till 
they are external to the particle or within a thin ther- 
mal boundary layer at its outer edge. All that is left 
inside the particle is the i; = 0 isotherm, which, at the 
highest Peclet numbers, forms a double spiral heading 
inward towards its intersection with the center of the 
particle (as is required by equation (8)). The spiral of 
the T = 0 isotherm represents the nodes in the thermal 
wave pattern, so that the space between them is one- 
half of the wavelength. By comparing Figs. 2-4, it can 
be seen that the spacing between the loops of the 

i= = 0 isotherm are independent of the conductivity 
ratio k,/k,, and depend only on the Peclet number, 
just as would be expected from the above discussion. 

The formation of the thermal boundary layer at the 
outer edge of the particle can be observed by following 
the isotherms on either side of the T = 0 line. At 
moderate to high Peclet numbers, these adopt horn- 
like shapes within the F = 0 spiral. As the Peclet 
number is increased, the horn structures spread out- 
ward as the boundary layer develops. This is best 
observed in the k,/k, = 10 plots shown in Fig. 4, as 
the low conductivity particle attracts and retains the 
largest number of internal isotherms. For this case, 
the horns can still be observed for the Pe = 1000 case 
(Fig. 4(f)) at the very outer edge of the particle. 

A major concern of this paper is the effect of particle 
rotation on the apparent conductivity. Following Fig. 
2, the isotherms are horizontal for Pe = 0 and spread 
outward from the particle as the Peclet number is 
increased. Progressively more of the isotherms pass 
around and never cross into the particle, and the iso- 
therm pattern external to the particle assumes the 
same symmetric pattern as that for a high conductivity 
non-rotating particle (such as that shown in Fig. 3(a)). 
This change is most extreme for the large k,/k, case 
shown in Fig. 4. There, the isotherms converge on 
the particle for Pe = 0, as is expected for insulating 
particles, but progressively diverge away from the par- 
ticle as the Peclet number is increased. All of this is a 
reflection of the dimensional analysis in Section 2, 
which showed that increasing the Peclet number 
effectively increases the apparent particle conduc- 
tivity, As far as the external isotherms are concerned, 
the particle will assume the appearance of a good 
conductor at high Peclet number, despite its real con- 
ductivity ratio, k,/k,; one consequence is that the 
asymmetry in the isotherms (which produces aniso- 
tropies in the bulk material conductivity), also dis- 
appears. Looking ahead to the effective material con- 
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ductivity derived in the next section and plotted in 
Fig. 5, it can be seen that the effective conductivity for 
the k,/k, = 10, Pe = 500 case plotted in Fig. 4(e) is 
nearly the same as that for the k,/k, = 1, Pe = 10 case 
plotted in Fig. 2(b). Moreover, comparing the two 
figures, it can be seen that the external isotherm pat- 
terns are identical, even though the internal patterns 
differ dramatically. A further consequence of the 
dimensional analysis argument is that rotation will 
not greatly affect the apparent conductivity of high 
conductivity particles. This can be seen in Fig. 3, as 
the external isotherm pattern appears unaffected by 
the Peclet number. 

4. THE 

Kw = Ky (39) 

the rotation not or 
any transport the (z) so 

is by [6] 

fL -Wk,) 
2k,/k,+l 

where is solid and 

K,, K,, KY= K, 0. 

A deal controversy the 
procedure finding properties a 

such Ki,, microscopic like 
found Section Fortunately, of 

controversy multiple interaction 
disappears the limit here. 
paper follow approach to used 
Lea1 In approach, bulk heat 

for composite viewed an 
valent medium, the 

e, (4i) T’) 

where (q,) is a volume average of the local conductive 
heat flux, ui the local deviation from the bulk velocity, 
(as in this case the bulk velocity is zero, u( is just 
the rotation velocity) and T’ the deviation from the 
undisturbed temperature field. Thus pC,(ucT’) is the 
turbulence-like convective heat transport induced by 
the particle rotation. (Note that all of the tem- 
peratures are dimensional in this calculation.) Here, 
the usual notation of Cartesian tensors is employed, 
and the volume average of a quantity P is defined as 

where V is a sufficiently large averaging volume con- 
taining many particles. 

The average conductive heat flux is found by taking 
a volume average of the local heat fluxes 

(qi) = - kg 
( j 

(44 

where k is the local thermal conductivity of the 
material and T the local temperature (i.e. k = k, or 
k = k, and T = Tf or T = Tp, depending on whether 
the integrand is taken over volume elements occupied 
by the fluid or particle). Note that this expression may 
be decomposed as 

<qi>= -(krg)-((J&)~). (45) 

As k, is assumed uniform, and (k-k,) = 0, except 
over the volume C V,, occupied by the particles 
(where k- kf = k,- k, and is constant), the second 
average reduces to a volume integral only over 
the region C V,, while the first is over the entire 
volume V 

This decomposition allows the particle and fluid solu- 
tions to be considered separately. Upon substituting 
equation (46) into equation (42) and applying 
Gauss’s theorem to the volume integral over the whole 
volume V, the two components of the heat flux vector 
become 
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+ (PC,), 
V s 

(u: T;) d V (47) 
X6’,. 

and 

Utilizing the fact that in the dilute limit, the bulk 
temperature gradient (aT/&q) represents only an 
order v correction over the far field temperature gradi- 
ent a. the corresponding independent components of 
the effective conductivities can be found from equa- 
tion (37). When nondimensionalized by kf. they are 

(correct to order V) 

u; T; dI’. 

Here L4, represents the combined surfaces of all 
the particles in V. For both cases, the first two terms 

represent the heat transport by conduction and the 
third represents the convective heat transport induced 
by the rotation of the particle. 

Under the circumstances where the composite is 
infinitely dilute so that the temperature distribution 
about a particle is unaffected by the presence of the 
other particles and all the particles are of identical 

shape and size, the integrals over CA, and I: V, can 
be taken as integrals over the single particle surface 
area and volume, A, and V,, multiplied by the total 
number of particles within the averaging volume of 
the composite. In terms of the solid fraction v. the 
number of particles in a volume I’ is given by 
vV/($R3). Hence, the results are at best correct to 

order 11, and equations (47) and (48) can be rewritten 

as 

3v(kr-k,) X 2n 
Q, = 4RR3 

ss 
R’[(~I~T~),=~ sin 01 d0 d$ 

0 0 

and 

2n [(uiT$r2 sin ~91 d4 d0 dr 

(4% 

+ 3v(kf-k,) n 

ss 

” 

4nR’ o o 
R’[(n,T,)_,+ sin 01 de d4 

+ yPc,), = n 2n ___ 
sss 4rcR’ o o o 

[(u:Ti)r2 sin 01 d4 d0 dr. 

(50) 

These integrals may be calculated from the results of 
Section 2 by replacing Twith aRTand r with FR. Note 
that, for this particular problem 

n, = sin 0 cos Q, (51) 

n, = sin 0 sin I#J (52) 

u: = -rQsinOsin4 (53) 

u;. = r!2 sin 0 cos d, (54) 

Ti = Tp -ar(sin 0 sin 4). (55) 

-cos fi cash p(C+ C)] 
1 

(56) 

and 

3 
+ crepe) [cos cr cash B(C- e, 

-sin/YsinhB(C+C)] (57) 

where fl. B, C and C were defined in Section 2. The 

results for K,,. and K,,. are plotted in Figs. 5 and 6, 
respectively. 

Figure 5 shows a plot of the transversely isotropic 
component, I& as a function of Peclet number for a 
variety of conductivity ratios k,/ k,. The results are 
plotted as (K,/k,- 1)/v in order to highlight the con- 
ductivity augmentation caused by the presence of the 
rotating particle. At Pe = 0 the conductivity enhance- 
ment follows Maxwell’s [6] predictions for a dis- 
persion of stationary spheres. Increasing the Peelet 
number increases the effective conductivity until the 
curves asymptotically approach the limiting value of 
3.0, which corresponds to Maxwell’s solution in the 
limit of infinite particle conductivity (i.e. as kc/k, + 

0). This confirms the prediction from the dimensional 
analysis that infinite Peclet number is equivalent to 
infinite particle conductivity. However, the approach 
to the infinite conductivity limit is surprisingly slow. 
For example, the k,/k, = 1 curve--a case that would 
not be uncommon in suspensions-requires a Peclet 
number of 1000 or so to get near to the limit; this is 
much larger than the Peclet numbers found in the 
experiments of ref. [l]. Furthermore, if the particle 
already has a large conductivity (small k,/k,), the 
effective conductivity is already pushing against this 
upper limit, and rotation can only make a small con- 
tribution to the heat transport. (Maxwell also pre- 
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-2.0 I I ! I I 

1.0 10 LOO 1002 10,020 100,000 

PC 

FIG. 5. The transversely isotropic conductivity, K,, as a function of particle Peclet number. The numbers 
on the lines are the conductivity ratios k,/k,. 

dieted that (K&,)/v + - 1.5 as k,/k, + co, which 
may be clearly seen as the lower limit in Fig. 5.) 

Figure 6 shows a plot of the anisotropic component, 
Kx,,/(vkf), as a function of Peclet number. As antici- 
pated in the last section, the anisotropy goes to zero 
as Pe + 0 and as Pe + co. This supports the con- 
clusion that as Pe + co the system behaves as if it 
were composed of non-rotating particles with infinite 
conductivity; in this limit, the system must obey 
Maxwell’s solution and hence must be isotropic. 
Furthermore, very little anisotropy is generated with 
high conductivity particles, reflecting the fact that, in 
these cases, rotation produces very little change in the 
external isotherms. The largest magnitude cor- 
responds to k,/k, = 1 and occurs at Pe N 10, for 

which the isotherms are plotted in Fig. 2(b). For larger 
values of k,/k,, the magnitude of the maximum ani- 
sotropy both decreases slightly and is reached at pro- 
gressively larger and larger values of Pe. Note that the 
maximum anisotropy for the k,/k,, = 10 curve occurs 
at Pe N 500, the isotherms for which are plotted in 
Fig. 4(e). This should not be surprising since the exter- 
nal isotherms in Fig. 4(e) were previously noted to be 
identical to those in Fig. 2(b), which indicates some 
relationship between this isotherm pattern and the 
maximum anisotropy. 

5. CONCLUSIONS 

In interpreting the results of their experiments on 
the heat transfer to sheared particulate materials, 

-0.5 1 I 1 I 1 I 

1.0 10 100 1000 10,000 100,000 

Pe 

FIG. 6. The anisotropic conductivity, Kxy, as a function of the particle Peclet number. The numbers on the 
fines are the conductivity ratios, kf/k,. 
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Campbell and Wang [1] identified shear-induced par- 
ticle rotation as one mechanism to explain the mech- 
anical improvement in the effective conductivity of 
the material. They speculated that a particle rotating 
in a temperature gradient would absorb heat as the 

surface passed through the hot portion of the tem- 

perature gradient and discharge it while passing 
through the cold portion. Thus the rotation induces 
microscale level convection which should make a 
turbulence-like improvement in the internal heat 

transport rates. 
To gain a fundamental understanding of this mech- 

anism, this paper has analyzed the case of a single 
particle rotating in an infinite medium on which is 
imposed a uniform temperature gradient. Much of the 
important inform,ltion was immediately gleaned from 
the dimensionless equations, which indicated that 
increasing the rotational Peclet number increases the 
apparent conductivity of the particles and that, in the 
limit of infinite Peclet number, the composite would 
behave as if all of the particles had infinite thermal 

conductivity. A consequence of this observation was 
that, in the particle-air mixtures used in ref. [I], the 
conductivity ratio between the dispersed and con- 

tinuous phases was already so large that particle 
rotation had little effect. The dimensional argument 
was validated by examining the isotherm patterns, 
which also indicated that, at moderate Peclet 
numbers, the rotation induces thermal anisotropy 
within the material. The anisotropy could be observed 

to disappear both at Pe = 0 and as Pe --t E. 
The last step was to determine the effective con- 

ductivity tensor for the composite material in the 
dilute limit using a classic volume averaging 
technique. The results show that the isotropic con- 
ductivity increases monotonically with Peclet number 
and asymptotically approaches the value predicted by 

Maxwell [3] for a dispersion of stationary particles 
with infinite conductivity. In addition, the anisotropq 
of the thermal conductivity grows for low Pcclct 
number, reaches a maximum, and then asymptotically 
approaches zero as Pe + w. Both of these obser- 

vations could be predicted by examining the patter-n 
of isotherms about the particles, and collectively the! 

support the dimensional arguments which predict 
that, at large Pe, the particles behave as if they havt: 
infinite thermal conductivity. 
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LA ROTATION D’UNE PARTICULE COMME MECANISME DE TRANSFER-l 
THERMIQUE 

RCsum&Une particule qui tourne dans un gradient de temperature absorbe de la chaleur du cot& chaud 
du gradient et la rej&e du cBtt froid. On examine le cas d’une sphere solide en rotation dans un milieu 
stationnaire sur lequel on impose un gradient de temptrature uniforme. Les resultats montrent que la 
rotation augmente le transport d’Bnergie interne de la m&me faGon que la conductivitt thermique de la 
particule. Pour des valeurs mod&es du nombre de Peclet rotationnel, la rotation induit des anisotropies 

dans la conductivi3 thermique apparente du matbriau qui disparaissent d Pe = 0 et aussi i P<, + ‘I( 

ROTATION EINES PARTIKELS ALS WjiRMEUBERTRAGUNGSMECHANISM US 

Zusammenfassung-Ein Partikel, das in einem Medium mit aufgeprlgtem Temperaturgradienten rotiert. 
nimmt Wlrme an der he&n Seite auf und gibt sie an der kalten Seite wieder ab. Die vorliegende 
Arbeit befal3t sich mit dem Fall einer rotierenden Kugel in einem ruhenden Medium bei konstantem 
Temperaturgradienten. Die Ergebnisse zeigen, da13 die Rotation den WLrmetransport im Medium umso 
stgrker vergr?&zrt, je hiiher die WIrmeleitfghigkeit des Partikels ist. Bei mittleren Werten der Rotations- 
Peclet-Zahl ergibt sich eine Anisotropie der effektiven Wlrmeleitfghigkeit des Mediums, welche fiir Pe = 0 

und Pe + co verschwindet. 
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BPABJEHME ~ACTkII.JbI KAK MEXAHE13M TEIUIOIIEPEHOCA 

ARUOT~QES-B cpene c ~e~nepgyp~bl~ rpalw=rOM BparnaIown WtCTSWl OIOfJIOUWT TeUllO OT SiW- 

peTOii YiKTH H OT,iZWT er0 XOnOltKOik &CCM~~aernt CJ@Wti -Oa C4$!Zpb& B~~~~ B CT+ 

mroHapzioii cpeae c ox~opoiuibw wr+mepaqpIrbrM qMuEe3Tom Pe3yJrbTaTu no1a3uBawT, PTO 
apamemie wcrmw raxmf xe o6pa3oM wnfser Illt ynywremre nepeiioca mryq3emre~ 3rieprmf, KaK a 
yeenwetme xo3@mviewra ~en.nonposoxwcrn wwrimbr. npli CpsLlEEX 3HKWHJiIIX B&UIlI~TCJlbHOrO 

wcna IIeKne epamemie ~bt3bmaeT axw3oqwnno rasymerocn ro3QnbmmerxTa ~e~onpoaoaii~c~n 

wwepmuta, mwwometi nprr Pe = 0 B Pe -* co. 
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