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Abstract—A particle rotating in a temperature gradient will absorb heat from the hot side of the gradient

and reject it on the cold side. This paper examines the case of a rotating solid sphere in a stationary medium

on which is imposed a uniform temperature gradient. The results show that particle rotation improves the

internal energy transport in much the same way as increasing the particle’s thermal conductivity. At

moderate values of the rotational Peclet number, the rotation induces anisotropies in the apparent thermal
conductivity of the material which disappear at Pe = 0 and as Pe — oo,

1. INTRODUCTION

THIs WORK began as an outgrowth of an experimental
project (Campbell and Wang [1]) that measured the
effective conductivity of a sheared mixture of spherical
particles in air. The results showed that, for fixed
solid concentration, the effective conductivity of the
mixture increases in direct proportion to the shear
rate. The configuration of Campbell and Wang’s
apparatus was such that the temperature gradient and
thus the direction of heat flow were in the same direc-
tion as the shear rate and perpendicular to the bulk
velocity of the mixture. Thus the mean simple shear
motion cannot affect the heat flow and cannot directly
enhance the effective conductivity. Instead, the
enhanced conductivity must result from cross-stream-
line energy transport accomplished by internal mech-
anisms that can only be indirectly related to the shear
rate. Two such mechanisms were identified in that
paper. The first, and the more important, can be attri-
buted to the random motions of the individual par-
ticles which produce a turbulence-like improvement
in the internal heat transport ; these random velocities
are induced as a byproduct of interparticle collisions,
which are in turn induced by the shear rate. At the
same time the shear induces particle rotation.
(Reference {2] has shown that in a dry granular flow,
as in nearly any shear flow, the induced rotational
velocity is of the order of one-half the shear rate.) For
a particle rotating in a temperature gradient, heat will
be conducted into the particle on the hot side of the
gradient and ejected on the cold side. Thus the ro-
tating particle will transport heat at a rate proportional
to the rotational velocity (which is, in turn, pro-
portional to the shear rate) across a distance of the
order of a particle diameter. Such a mechanism could
be a most important contributor in very high density
flows, where the free motion of particles is much less
than a particle diameter. This paper will examine the

contribution of particle rotation to the effective con-
ductivity of the composite material.

The bulk thermal conductivity of multiphase com-
posite materials has become a classic concern. The
pioneering work is due to Maxwell [3] who, in the late
1800s, computed the effective thermal conductivity of
a dilute suspension of spheres embedded in a material
with a different conductivity. (Maxwell actually cal-
culated the effective electrical conductivity, but, owing
to the similarity of the equations, answered both the
electrical and thermal problems simultaneously.) The
effect of shear-flow-induced cross-streamline trans-
port has been examined for dilute suspensions in the
limit of low particle Reynolds numbers by Leal [4] for
low Peclet numbers and by Nir and Acrivos [5] in the
limit of high Peclet numbers. Both are asymptotic
perturbation analyses and yield only first-order solu-
tions. Leal showed that for small Peclet numbers, the
effective conductivity grew as Pe?>. (This has been
more or less confirmed experimentally by Chung and
Leal [6].) Nir and Acrivos showed that at high Peclet
numbers, the effective conductivity grows as Pe}/*!.
(Here Pe; is the fluid shear Peclet number and is equal
to R%/a,, where R is the particle radius, y the shear
rate and a; the thermal diffusivity for the suspending
fluid.)

However, these results are not applicable to the
probi..n examined in ref. [1]. Atlow Reynolds number
near the dilute limit, the particle rotation forces the
neighboring fluid to rotate within a closed streamline
pattern about the particle. This rotating section of
fluid transports heat in much the same way as a ro-
tating particle, and, if the heat capacity of the fluid is
not negligible, much of the heat transport will take
place within the fluid. In fact, at the high Peclet num-
ber limit, the depth of thermal penetration will not
even extend to the particle but will be confined to a
boundary layer along the outer edge of this closed
streamline pattern; thus Nir and Acrivos only con-
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(18)

C, specific heat of the particle at
constant pressure

E(F). F(7) real and imaginary part of
ji(iy/ (Im PeyF)

j,z(i\/ (Im Pe)f) spherical Bessel functions

k thermal conductivity

K, bulk thermal conductivity, second-rank
tensor

n, unit outer normal in the /-direction

Pe  particle Peclet number, QR?/a,,
Pe;  fluid Peclet number, YR/,

P?(cos 0) Legendre’s associated
polynomials

4, local conductive heat flux in the
i-direction

0, bulk conductive heat flux in the

i-direction

NOMENCLATURE

d far field temperature gradient r radial coordinate
A, A-, A; constants defined by equations F dimensionless radial coordinate

(28), (30) and (32) R particle radius |
A,.. complex constants defined by equation T dimensional temperature E

(19) T dimensionless temperature :
A,  surface area of a particle T’  temperature deviation from the bultk
XA, combined surfaces of total particles temperature
B, B real and imaginary part of B,, u, velocity deviation in the i-direction from
B,.B,,B; constants defined by equations the mean velocity

(29), (31) and (33) vV averaging volume
B,. complex constants defined by equation Y, volume of a particle

(19 2V, combined volumes of total particles

C, C real and imaginary part of C,, X, ¥, o coordinates, see Fig. 1.
C,. complex constants defined by equation !

Greek symbols

% thermal diffusivity

B dimensionless parameter, /(Pe/2) |

" fluid shear rate ,

] dimensionless parameter, |
(ke/ ko) (2] Pe)

0.¢ coordinates, see Fig. I

v volume fraction of particle, ZV,/

0 particle density

Q particle rotation rate.

Subscripts
f fluid property
m, n indices

p particle property.

sidered this thin boundary layer in their analysis, and
the particle appears only indirectly as the instigator
of the closed streamline pattern.

Campbeil and Wang's [1] experiments were per-
fopmed at moderate Re and Pe, and could not be
continued down into the low Re regime, as they
depended on a high shear rate to keep their material
in a fluidized state. Furthermore, their system was far
from dilute, and, even ignoring more important effects
of close particle interaction, the presence of neigh-
boring particles may disrupt any closed streamline
pattern of fluid motion and eliminate that mechanism
as an important contributor to the heat transport.
In fact, the fluid motion between the particles is so
complex that it defies analysis, is probably due,
in most part, to squeezing between colliding par-
ticles and is not induced by the particle rotation.
Furthermore. if the heat capacity of the fluid is neg-
ligible (as it would be for solid particles in air), the
fluid would not be a major contributor to the heat
transport. Still, it is interesting to try and understand
the heat transport role that particle rotation plays in
such a complex environment. To this end, this analysis

will examine the heat transport due to particle
rotation inside a stationary medium in an attempt to
decouple the rotational effects from all other heat
transport mechanisms. The proposed problem is sim-
pler than any of its predecessors and admits a com-
plete solution for the entire range of Peclet numbers.

2. TEMPERATURE DISTRIBUTION

Consider a single rotating particle embedded in an
infinite medium on which a uniform temperature
gradient is imposed far from the particle. The particle
is assumed to be rotating around the z-axis with
angular velocity Q. as shown in Fig. 1, while the
medium surrounding the particle is stationary. In
spherical coordinates, the flow field can be expressed
as

Vo rQsinf r<R o
¢ 0 r> R

where R is the particle radius.
The coordinate system is chosen so that the tem-
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FiG. 1. Coordinate system for the rotating particle calculation.

perature gradient far from the particle is in the y-
direction and approaches a uniform value of g, i.e.

. or
lim —=a. )]
reoo 6)1
In these circumstances, the appropriate dimensional
equations governing the temperature distributions
inside and outside the particle are
Q 0T,

s 3)

VT, =0 4

where «, is the particle thermal diffusivity and 7}, and
T, are the temperatures of the particle and the external
fluid, respectively. Note that the same equations
govern the heat transport in the limit that the heat
capacity of the surrounding fluid is negligible com-
pared to that of the particle so that little energy can
be transported by fluid convection. (This is exactly
the case in the experiments of ref. [1], for which the
particles had several thousand times the heat capacity
of the surrounding air.)

Equations (3) and (4) are to be solved subject to
the conditions of continuity of temperature and con-
tinuity of heat flux on the particle surface, and
matching the uniform temperature gradient far away
from the particle

T,=T: atr=R 5)

oT, oT,
kpﬁf:kfgri atr=R (6)
T: - ar(sin@sin ¢) atr— oo @)

where k, and k; are the conductivities of the particle
and the external fluid, respectively. Owing to the sym-
metries of the problem about the particle center

T,=0 atr=0. (8)
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By introducing two dimensionless quantities
- T
r=—=2 ®
_ r
equations (3) and (4) become
. oT,
Vsz(r,0,¢)=Pea—q;’ (an
V2T (7,0,¢0) =0 (12)
where Pe is the particle Peclet number defined as
QR?
Pe = (13)
aP
and the boundary conditions (5)—(8) become
T,=T; atrF = (14)
oT, Kk oT;
T, »Fsinfsing atF— oo (16)
7,=0 atF=0. a7

In the limit Pe — oo, equation (11) implies that
0T,/0¢ — 0, or that, in this limit, the temperature
about the circumference of the particle must be
uniform. It is reasonable to assume that the particle
surface will adopt the average temperature to which
it is exposed—which, by the symmetry of the problem,
is zero. This observation, coupled with the additional
symmetry condition, equation (17), that the tem-
perature at the center of the particle must be zero,
leads to the conclusion that in the limit of high Peclet
numbers, the particle temperature approaches a uni-
form temperature which must be zero. (At large but
finite Peclet numbers, any temperature changes within
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the particle will be confined to a thermal boundary
layer about the outer edge of the particle, but even
this thin boundary layer will disappecar as Pe — =« .)
From a purely physical standpoint, this can be under-
stood, as, when Pe = . any non-zero temperature
inside the particle will lead to an infinite convective
heat transport rate. which would then require that an
infinite quantity of heat be conducted to and from
the particle through the surrounding medium ; such a
burden cannot be borne by a finite conductivity
material on which is imposed a finite temperature
gradient. Curiously, this is exactly the same condition
that is reached for a stationary particle in the limit
kilk,—0: in that case, any temperature gradient
inside the particle will again lead to infinitc heat trans-
port rates which cannot be supported by conduction
through the surrounding material, requiring once
again that the particle temperature becomes uniform
(and, by symmetry, equal to zero). Thus. large Pe is
equivalent to large apparent particle thermal con-
ductivity. and as Pe — x . the situation must approach
Maxwell’s solution for a dispersion of stationary
spheres with infinite conductivity. This places an upper
limit on the heat transport that can be obtained by
particle rotation. and one would expect very little
effect if the conductivity ratio k;/k, is alrcady very
small. It is important to note that, despite the fact that
this problem is being set up in the dilute limit, equation
(11) and all of the conclusions that have just been
drawn from it are valid regardless of the particle con-
centration. Thus particle rotation should contribute
only slightly to the heat transport in the particle—air
mixture (k;/k, > 0.01) tested in ref. {1].

Equation (12), governing the heat conduction
through the fluid. is readily solved for these boundary
conditions by separation of variables. At the same
time, a quick examination shows that the convective
term in the particle temperaturc equation, equation
(11), complicates the classical separation procedure.
However, as the solution must be periodic in ¢, it
seems reasonable to choose the corresponding eigen-
function of the form ¢"?. With this done, the problem
is easily separated in the other two coordinates to
yield

B H

T,(70,¢) =3 > [Coulu(iy/(im Pe)F)

n—=0 m=90

x PT(cos 0) e"?]. (18)

Here the C,, are complex coefficients. the j, are
spherical Bessel functions and the P} are associated
Legendre polynomials. This result was verified
by substituting into the original equation (11).

The general solution of the dimensionless heat con-
duction equation (12) for the external medium can
be solved by a quite straightforward procedure of
separation of variables. Noting that the eigenfunction
in ¢ should be of the same form as 7}, in order to
match the boundary conditions, the general solution
for T; takes the form

D. G. WANG ¢t al.

Fs n

Ti70,6) = Y % [Apat"+ By "]
n=0 m=0
x P7(cos ) e™  (19)

where 4, and B,,, are complex constants.
Applying the boundary conditions (14)-(17) and
taking the imaginary part yields

T, = {E())[Csin ¢+ C cos ¢p]+ F(F)C cos ¢

—Csin ¢}} sin 0 (20)
T,—rsm()smqﬁ«{—[Bgmqb;:Bcosd)] nd (21)
where C,,=C+il, B, =B+iB. A,,=1 and
A, = B, = C,, = 0 for all other m and n.
Here
—1
E(F) = e 72508 (BF) sinh (BF)
1
rj\/—(iP )[cos(ﬂr)cosh (pA
—sin ( §F) sinh (f7)] (22)
F(r) = o 7 sin ( fF) cosh ( B7)
L fcos (87 cosh (57
—————[cos (f7) cosh (BF
)
+sin (fF) sinh (f7)] (23)
3n(B,B;—A4,45)
B=— (24)
_ 31](A B3+A B 1)
B= A +B} (25)
=T At B (26)
~_ _ B
=~ aim @7
where
A, = E(1) (28)
B, = F(1) (29)
1
Ay = [24, —2B, +sin () cosh ()
\/(2P )
“+cos () sinh (B)] (30)
B, = - ] {24,428, +sin () cosh ()
v (2Pe)

—cos (f) sinh ()] (31)
Ay =A,+B,—2n4, (32)

B, =A4,—-B,+2nB, (33)
Pe
G e
ke 2
= — 3
1 kp \/<Pe>. 33)
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FiG. 2. The isothermal lines upon an equatorial cut through the particle for k;/k, = 1.0.

In the above, the first-order spherical Bessel function
has been replaced according to the definition

i@ = sin (z)—zz cos (z).

z

(36)

3. ISOTHERMS

A great deal of physical insight can be gained by
examining how the particle rotation distorts the iso-
therms in and about the particle. Figures 24 show
the isothermal lines on an equatorial cut on the x—y
plane through the center of the particle ; each is drawn
so that the particles are rotating in the counter-
clockwise direction about an axis pointing out of the
page. The figures illustrate three cases, k¢/k, = 1, 0.01,
and 10, as Pe is increased from 0 to 1000. Each line
was found by choosing a temperature and then
numerically determining the appropriate path of the
isotherm corresponding to that temperature. Most of

the plots start with isotherms initially spaced R apart
at the far left-hand side of each frame, although, in a
few cases, extra isotherms were added very near the
centerline (7 = 0) to help fill out the pattern within
the particle.

At Pe = 0, the k¢/k, = 1 (Fig. 2(a)) isotherms are
horizontal lines, while for k¢/k, = 0.01 (conducting
particle, Fig. 3(a)), the isotherms spread away from
the particle, and for k/k, = 10 (insulating particle,
Fig. 4(a)), the isotherms converge inside the particle.
Increasing the Peclet number slightly causes the iso-
therms external to the particle to rotate counter-
clockwise. As the particle itself is rotating counter-
clockwise, the isotherms are reacting to their memory
of where the particle has been and not to where it is
going. Note that at Pe = 0 the isotherm pattern exter-
nal to the particle is symmetric about a vertical line
through the center, becomes skewed for low Pe, and
at high Pe again adopts a symmetric pattern. The

D,

s
£

(a) Pe= 0

{b) Pe= 10

{c) Pe= 50

=
=—

£

o

{d) Pe= 100

(e) Pe= 500

{0 Pe= 1000

F1G. 3. The isothermal lines upon an equatorial cut through the particle for k;/ k, = 0.01.
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FIG. 4. The isothermal lines upon an equatorial cut through the particle for k¢/k, = 10.0.

skewing of the isotherm pattern reflects temperature
gradients—and hence heat flow—in the x-direction,
despite the fact that the imposed temperature gradient
is in the y-direction. This indicates that the rotation
induces anisotropies in the apparent conductivity of
the material at moderate Peclet numbers which will
disappear at Pe = 0 and as Pe — co.

Viewing the problem from inside the particle within
a reference frame that rotates with the particle, an
observer would witness alternately hot and cold tem-
peratures traveling radially inward. This reflects the
facts that the particle surface alternately experiences
the hot and cold portions of the temperature gradient
and that surface temperature variation appears as
waves, traveling inward, with the period of the particle
rotation, 1/Q, and an amplitude that decreases as the
center is approached. The wave travels with a speed
that is related to the thermal diffusivity, «,, and is
therefore independent of the rate of rotation ; hence,
on purely physical grounds, one expects that the wave-
length should vary with o,/Q and hence with the
inverse Peclet number. (This suspicion is borne out
by a quick examination of equation (18).) Thus one
effect of changing the rotation rate is to change the
wavelength of the incoming waves. Atlow Peclet num-
ber, the isotherms inside the particle undulate almost
sinusoidally, as the wavelength is longer than the par-
ticle radius. At higher Peclet number, most of the
originally internal isotherms have spread outward till
they are external to the particle or within a thin ther-
mal boundary layer at its outer edge. All that is left
inside the particle is the T = 0 isotherm, which, at the
highest Peclet numbers, forms a double spiral heading
inward towards its intersection with the center of the
particle (as is required by equation (8)). The spiral of
the T = 0 isotherm represents the nodes in the thermal
wave pattern, so that the space between them is one-
half of the wavelength. By comparing Figs. 24, it can
be seen that the spacing between the loops of the

T = 0 isotherm are independent of the conductivity
ratio k/k,, and depend only on the Peclet number,
Just as would be expected from the above discussion.

The formation of the thermal boundary layer at the
outer edge of the particle can be observed by following
the isotherms on either side of the T =0 line. At
moderate to high Peclet numbers, these adopt horn-
like shapes within the T = 0 spiral. As the Peclet
number is increased, the horn structures spread out-
ward as the boundary layer develops. This is best
observed in the k;/k, = 10 plots shown in Fig. 4, as
the low conductivity particle attracts and retains the
largest number of internal isotherms. For this case,
the horns can still be observed for the Pe = 1000 case
(Fig. 4(f)) at the very outer edge of the particle.

A major concern of this paper is the effect of particle
rotation on the apparent conductivity. Following Fig.
2, the isotherms are horizontal for Pe = 0 and spread
outward from the particle as the Peclet number is
increased. Progressively more of the isotherms pass
around and never cross into the particle, and the iso-
therm pattern external to the particle assumes the
same symmetric pattern as that for a high conductivity
non-rotating particle (such as that shown in Fig. 3(a)).
This change is most extreme for the large k;/k, case
shown in Fig. 4. There, the isotherms converge on
the particle for Pe = 0, as is expected for insulating
particles, but progressively diverge away from the par-
ticle as the Peclet number is increased. All of this is a
reflection of the dimensional analysis in Section 2,
which showed that increasing the Peclet number
effectively increases the apparent particle conduc-
tivity. As far as the external isotherms are concerned,
the particle will assume the appearance of a good
conductor at high Peclet number, despite its real con-
ductivity ratio, k/k,; one consequence is that the
asymmetry in the isotherims (which produces aniso-
tropies in the bulk material conductivity), also dis-
appears. Looking ahead to the effective material con-
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ductivity derived in the next section and plotted in
Fig. 5, it can be seen that the effective conductivity for
the k/k, = 10, Pe = 500 case plotted in Fig. 4(e) is
nearly the same as that for the k¢/k, = 1, Pe = 10 case
plotted in Fig. 2(b). Moreover, comparing the two
figures, it can be seen that the external isotherm pat-
terns are identical, even though the internal patterns
differ dramatically. A further consequence of the
dimensional analysis argument is that rotation will
not greatly affect the apparent conductivity of high
conductivity particles. This can be seen in Fig. 3, as
the external isotherm pattern appears unaffected by
the Peclet number.

4. THE EFFECTIVE CONDUCTIVITY OF THE
COMPOSITE MATERIAL

The next problem is to use the single particle cal-
culation above to determine the effective conductivity
for the particle—fluid composite. However, the obser-
vations of the last section suggest that the conductivity
of the particle-fluid mixture will be anisotropic in the
sense that the direction of heat flow will not necessarily
coincide with the direction of the applied temperature
gradient. Hence, the conductivity will be expressed as
a second-rank tensor, K;, such that the bulk con-
ductive heat flux vector, Q;, which results from an
applied temperature gradient, can be expressed as

aT
0= _Kij <‘a;>
j

where {0T/dx;) is an average of the temperature
gradient within the material.

In general, the conductivity tensor, Kj;, may be
found using equation (37) by imposing temperature
gradients in each of the three directions and cal-
culating the resultant Q; and {(47/0x;>. For this par-
ticular problem, however, only two components of
the conductivity tensor, K,, and K, are left to be
found, and they can be determined from the single
particle case, calculated in Section 2, which assumed
an applied temperature gradient in the y-direction.
The other seven components of K;; are already known.
This can be easily seen by noting that the solution is
independent of rotation in the x—y plane; i.e. rotating
the imposed temperature gradient about the z-axis
only rotates the solution. Hence

(37

K,..=K, (3%

and
K,.=K,. (39)

Furthermore, the particle’s rotation will not aid or

induce any heat transport in the axial (z) direction, so

K., is given by Maxwell’s [6] solution
Kzz 3(1 _kf/kp)

& - gk 41

where v is the solid fraction, and

(40)
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K,=K,=K.=K,=0. (41)

A great deal of controversy surrounds the proper
procedure for finding macroscopic properties of a
material, such as K,, from microscopic analyses like
that found in Section 2. Fortunately, most of the
controversy concerns multiple particle interaction and
disappears in the dilute limit considered here. This
paper will follow an approach similar to that used by
Leal [7). In Leal’s approach, the bulk conductive heat
flux for the composite material, viewed as an equi-
valent homogeneous medium, takes the form

0, =gy +pCluT")

where (g;) is a volume average of the local conductive
heat flux, u/ the local deviation from the bulk velocity
(as in this case the bulk velocity is zero, u/ is just
the rotation velocity) and T’ the deviation from the
undisturbed temperature field. Thus pC,{u/T") is the
turbulence-like convective heat transport induced by
the particle rotation. (Note that all of the tem-
peratures are dimensional in this calculation.) Here,
the usual notation of Cartesian tensors is employed,
and the volume average of a quantity P is defined as

(42)

(P)=lj‘PdV 43)
Vv
where V is a sufficiently large averaging volume con-
taining many particles.

The average conductive heat flux is found by taking
a volume average of the local heat fluxes

oT
{g;> = — <k (3x,>

where k& is the local thermal conductivity of the
material and T the local temperature (i.e. kK = k; or
k=ky,and T = T;or T = T, depending on whether
the integrand is taken over volume elements occupied
by the fluid or particle). Note that this expression may
be decomposed as

orT oT
Gy = - <kfa_xi> - <(k'~kr)5;[>- 45)

As k¢ is assumed uniform, and (k—k;) = 0, except
over the volume XV,, occupied by the particles
(where k—k; = k,—k; and is constant), the second
average reduces to a volume integral only over
the region LV, while the first is over the entire
volume V

aT oT,
g> = ki <6x,-> 'V" (ky —k¢) <73x’,>

This decomposition allows the particle and fluid solu-
tions to be considered separately. Upon substituting
equation (46) into equation (42) and applying
Gauss’s theorem to the volume integral over the whole
volume V, the two components of the heat flux vector
become

(44

. (46)

v,
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oT
Qx = _kf<—a‘£> _

T,)l - dS

N (pC,)p

= L . W@, T))dV (47)

and

0, =~k (T) -7

gy )lr:RdS

C
+59—”)P-J; W, T, dV.  (48)
Vb

Here XA, represents the combined surfaces of all
the particles in V. For both cases, the first two terms
represent the heat transport by conduction and the
third represents the convective heat transport induced
by the rotation of the particle.

Under the circumstances where the composite is
infinitely dilute so that the temperature distribution
about a particle is unaffected by the presence of the
other particles and all the particles are of identical
shape and size, the integrals over A4, and ZV, can
be taken as integrals over the single particle surface
area and volume, A, and ¥V, multiplied by the total
number of particles within the averaging volume of
the composite. In terms of the solid fraction v. the
number of particles in a volume V is given by
vV/(inR?). Hence, the results are at best correct to
order v, and equations (47) and (48) can be rewritten
as

vk

Q. = VE;,;Rz p)ﬁ J R¥(n,T,),—z sin 6]d0 d¢
3 C R ('n 2n .
+ _‘%ﬁ%)g ﬁ L L [(u, T;)r* sin 6] d¢ d dr
(49)
and
oT

0= -{3)

3v(ke—k, . .
V(4nRz )JJ [(n,T,),~¢ sin 6] d6 d¢

3";:R3)pj j J [, T;)r* sin 0] d¢ d6 dr.
(50)

These integrals may be calculated from the results of
Section 2 by replacing T with aRT and r with 7R. Note
that, for this particular problem

n, = sin 0 cos ¢

n, = sin @ sin ¢ (52)
u, = —rQsin 0 sin ¢ (53)
u, = rQsin 0 cos ¢ (54)
Ty, = T,—ar(sin 0 sin ¢). (55)

(51)
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Utilizing the fact that in the dilute limit, the bulk
temperature gradient {3T/0x,> represents only an
order v correction over the far field temperature gradi-
ent a, the corresponding independent components of
the effective conductivities can be found from equa-
tion (37). When nondimensionalized by .., they are
(correct to order v)

K _ (% 1) 5—02pet
kY /\f "k(

3¢ 3C .
%o U 2= R
+7 {smhﬁcosﬂ(CwL Pe>+sm/fcoshl>’([,€ C)

\/(5 — [sin B sinh B(C—C)

—cos f cosh B(C+ C')]} (56)
and
By (k« 1)(1+B
ko +v . -1 (1+B)
i {smﬂcoshﬁ(C+ 3C> +smhﬁcosﬁ<C— %i)
f
+ ;/?;I% {cos fcosh f(C—C)
—sin f sinh ﬂ(C+C_‘)]} (57)

where §, B, C and C were defined in Section 2. The
results for K, and K., are plotted in Figs. 5 and 6,
respectively.

Figure 5 shows a plot of the transversely isotropic
component, K, as a function of Peclet number for a
variety of conductivity ratios ki/k,. The results are
plotted as (K,,/k;—1)/v in order to highlight the con-
ductivity augmentation caused by the presence of the
rotating particle. At Pe = 0 the conductivity enhance-
ment follows Maxwell’s [6] predictions for a dis-
persion of stationary spheres. Increasing the Peclet
number increases the effective conductivity until the
curves asymptotically approach the limiting value of
3.0, which corresponds to Maxwell’s solution in the
limit of infinite particle conductivity (i.e. as k;/k, —
0). This confirms the prediction from the dimensional
analysis that infinite Peclet number is equivalent to
infinite particle conductivity. However, the approach
to the infinite conductivity limit is surprisingly slow.
For example. the k;/k, = | curve-—a case that would
not be uncommon in suspensions—requires a Peclet
number of 1000 or so to get near to the limit; this is
much larger than the Peclet numbers found in the
experiments of ref. [1}. Furthermore, if the particle
already has a large conductivity (small k/k,), the
effective conductivity is already pushing against this
upper limit, and rotation can only make a small con-
tribution to the heat transport. (Maxwell also pre-
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(S2-1)sv

F1G. 5. The transversely isotropic conductivity, K,

100,000

Pe

as a function of particle Peclet number. The numbers

on the lines are the conductivity ratios k/k,.

dicted that (K, /k)/v— —1.5 as k;/k, - co, which
may be clearly seen as the lower limit in Fig. 5.)
Figure 6 shows a plot of the anisotropic component,
K.,/ (vk;), as a function of Peclet number. As antici-
pated in the last section, the anisotropy goes to zero
as Pe - 0 and as Pe — co. This supports the con-
clusion that as Pe — oo the system behaves as if it
were composed of non-rotating particles with infinite
conductivity; in this limit, the system must obey
Maxwell’s solution and hence must be isotropic.
Furthermore, very little anisotropy is generated with
high conductivity particles, reflecting the fact that, in
these cases, rotation produces very little change in the
external isotherms. The largest magnitude cor-
responds to ki/k, =1 and occurs at Pe ~ 10, for

which the isotherms are plotted in Fig. 2(b). For larger
values of k¢/k,, the magnitude of the maximum ani-
sotropy both decreases slightly and is reached at pro-
gressively larger and larger values of Pe. Note that the
maximum anisotropy for the k/k, = 10 curve occurs
at Pe ~ 500, the isotherms for which are plotted in
Fig. 4(e). This should not be surprising since the exter-
nal isotherms in Fig. 4(¢) were previously noted to be
identical to those in Fig. 2(b), which indicates some
relationship between this isotherm pattern and the
maximum anisotropy.

5. CONCLUSIONS

In interpreting the results of their experiments on
the heat transfer to sheared particulate materials,

L5 —_

1.0 10 100

100,000

1000 10,000

Pe

FiG. 6. The anisotropic conductivity, K, , as a function of the particle Peclet number. The numbers on the
lines are the conductivity ratios, k/k,.

HMT 32:8-C
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Campbell and Wang [1] identified shear-induced par-
ticle rotation as one mechanism to explain the mech-
anical improvement in the effective conductivity of
the material. They speculated that a particle rotating
in a temperature gradient would absorb heat as the
surface passed through the hot portion of the tem-
perature gradient and discharge it while passing
through the cold portion. Thus the rotation induces
microscale level convection which should make a
turbulence-like improvement in the internal heat
transport rates.

To gain a fundamental understanding of this mech-
anism, this paper has analyzed the case of a single
particle rotating in an infinite medium on which is
imposed a uniform temperature gradient. Much of the
important informtion was immediately gleaned from
the dimensionless equations, which indicated that
increasing the rotational Peclet number increases the
apparent conductivity of the particles and that, in the
limit of infinite Peclet number, the composite would
behave as if all of the particles had infinite thermal
conductivity. A consequence of this observation was
that, in the particle—air mixtures used in ref. [1], the
conductivity ratio between the dispersed and con-
tinuous phases was already so large that particle
rotation had little effect. The dimensional argument
was validated by examining the isotherm patterns,
which also indicated that, at moderate Peclet
numbers, the rotation induces thermal anisotropy
within the material. The anisotropy could be observed
to disappear both at Pe = 0 and as Pe — cC.

The last step was to determine the effective con-
ductivity tensor for the composite material in the
dilute limit using a classic volume averaging
technique. The results show that the isotropic con-
ductivity increases monotonically with Peclet number
and asymptotically approaches the value predicted by

D. G. WANG et al.

Maxwell [3] for a dispersion of stationary particles
with infinite conductivity. In addition, the anisotropy
of the thermal conductivity grows for low Peclet
number, reaches a maximum, and then asymptotically
approaches zero as Pe — «c. Both of these obser-
vations could be predicted by examining the pattern
of isotherms about the particles, and collectively they
support the dimensional arguments which predict
that, at large Pe, the particles behave as if they have
infinite thermal conductivity.
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LA ROTATION D’UNE PARTICULE COMME MECANISME DE TRANSFERT
THERMIQUE

Résumé—Une particule qui tourne dans un gradient de température absorbe de la chaleur du c¢6té chaud
du gradient et la rejéte du c6té froid. On examine le cas d’une sphere solide en rotation dans un milieu
stationnaire sur lequel on impose un gradient de température uniforme. Les résultats montrent que la
rotation augmente le transport d’énergie interne de la méme fagon que la conductivité thermique de la
particule. Pour des valeurs modérées du nombre de Peclet rotationnel, la rotation induit des anisotropies
dans la conductivité thermique apparente du matériau qui disparaissent & Pe = 0 et aussia Pe — .

ROTATION EINES PARTIKELS ALS WARMEUBERTRAGUNGSMECHANISMUS

Zusammenfassung—Ein Partikel, das in einem Medium mit aufgeprigtem Temperaturgradienten rotiert,

nimmt Wirme an der heiBen Seite auf und gibt sic an der kalten Seite wieder ab. Die vorliegende

Arbeit befaBt sich mit dem Fall einer rotierenden Kugel in einem ruhenden Medium bei konstantem

Temperaturgradienten. Die Ergebnisse zeigen, daB die Rotation den Wiarmetransport im Medium umso

stirker vergroBert, je hoher die Wirmeleitfihigkeit des Partikels ist. Bei mittleren Werten der Rotations-

Peclet-Zahl ergibt sich eine Anisotropie der effektiven Warmeleitfahigkeit des Mediums, welche fiir Pe = 0
und Pe — oo verschwindet.
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BPAIIEHUE YACTHIIBI KAK MEXAHH3M TEILIOIEPEHOCA

AmvoTais—B cpejie ¢ TEeMNEPAaTYPHLIM FPAINCHTOM BPAILAIOLIARCK TACTHIA NOIJICIIRET TEIUIO OT Har-

peroii 4acTH ¥ OTAaeT ero xoxomHol, PaccmaTtpusaercs ciytall TeepRo#t cdeps, Bpamaromeiics B cTa-

UMOHAapHON Cpene C OAHODOMHEIM TeMIICPATYPHBM rpazmeEToM. Peaymsrarsl moxaseiBaror, wro

BpallieHHe Y4CTHUGI TAKAM Xe o0pa3oM BIHSCT Ha YJyWieHAC NMEPEHOCA BHYTDCHHEH JHEDIME, Kak H

ypeHYeHne Ko3dpHIHEHTa TeMIONPOBORHOCTH dacTHnn. IIpE cpemmmx 3HaMeHMAX BpAILATEILHOTO

ypcna Ilekne ppauieHHe BLI3BIBAET AHM3OTPONHIO XAKYIIErocx KoXp(HMIEEHTa TENIONPOBOJHOCTH
MaTeprana, Heaesaromel npu Pe = 0 u Pe — c0.
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